A general theory is presented for the problem of condensed-phase particle nucleation from gas-phase precursors via a sequence of reversible chemical reactions, where no supersaturated vapor exists. We consider a system in which nucleation is initiated by the reaction between an ''initiating species'' and a '' growth species.''Subsequent steps in cluster growth involve reversible reactions between a cluster and the growth species, producing a larger cluster and a volatile byproduct, which may be considered a ''suppressing species.'' Following the mathematical formalism of homogeneous nucleation theory, a steady-state nucleation rate is derived in the form of a summation over discrete cluster sizes. The resulting nucleation rate is linearly proportional to the product of the concentrations of the initiating species and the growth species, while the ratio of the concentrations of the growth species to the suppressing species, relative to a suitably defined equilibrium value, is seen to play a similar role as the vapor saturation ratio in homogeneous nucleation.
I. INTRODUCTION
A large literature exists on the theory of homogeneous nucleation of condensed-phase particles from a supersaturated vapor. On the other hand, nucleation from the gas phase can also occur by chemical reactions in the absence of a supersaturated vapor.
An example is soot nucleation in hydrocarbon flames, assuming that no condensible vapors from metal impurities exist. Most models of soot nucleation do not suppose that it is driven by supersaturated carbon vapor, but rather that it occurs via a sequence of chemical reactions involving volatile hydrocarbon precursors, none of which is itself a supersaturated vapor.
Another example of current practical interest is the nucleation of particles in silane plasmas, under conditions typical of amorphous silicon thin film deposition during the fabrication of integrated circuits. These particles can deposit on the wafer being processed and cause defects that adversely affect process yield. Experimental evidence from mass spectrometry measurements has suggested that the earliest stages of particle formation in this system primarily involve the following sequence of ion-molecule reactions [1] [2] [3] [4] ͑the fact that the clusters here are charged is immaterial for our purpose͒: In this scenario the growth of hydrogenated silicon clusters occurs by successive reactions with silane molecules, but silane here is not supersaturated. Rather, the driving force for particle formation is the system's departure from the minimum in its overall Gibbs free energy at temperature T and total pressure P-for which a supersaturated vapor is merely a special case involving only one chemical component.
Furthermore, reaction sequence ͑1͒ is known to be close to thermoneutral, hence reversible, at least for small cluster sizes. Noting that the enthalpies of reaction of the first four clustering steps, Reactions ͑1a͒-͑1d͒, are respectively, Ϫ0.07, ϩ0.07, ϩ0.07, and 0.00 eV, Fridman et al. 4 commented that the thermoneutral or even endothermic nature of these reactions would be expected to result in a bottleneck, and they therefore argued that the clustering sequence is enhanced by plasma-activated vibrational excitation of SiH 4 .
While that explanation is certainly possible for the conditions studied, the reversible nature of the reaction sequence does not in itself rule out clustering and finally nucleation through a ground-state pathway. One piece of evidence that may support this view is that the addition of hydrogen is known to suppress particle nucleation in silane systems, just as it does in hydrocarbon systems. 5, 6 This observation extends to particle formation in relatively low-temperature thermal ͑nonplasma͒ silicon CVD systems 7 in which vibrational excitation is less likely to be an important factor. A possible explanation for the effect of hydrogen is that it appears as a product species in reaction sequence ͑1͒, and thus would suppress clustering if the reactions were reversible.
One may view the nucleation barrier for the silane anion clustering sequence as analogous to the nucleation barrier in conventional homogeneous nucleation theory. In this theory the growth of the smallest cluster, below some critical size, is reversible ͑backward rates exceed forward rates͒, while beyond the critical size cluster growth is effectively irreversible ͑forward rates exceed backward rates͒. At a given temperature the value of this critical size depends on the saturation ratio of the condensible vapor. In this theory the existence of a rate-limiting bottleneck, together with an ample supply of condensible vapor, leads to the establishment of a steady-state nucleation current, which persists until the vapor supersaturation relaxes toward unity. Similarly, one can suppose that a sequence of reversible chemical reactions such as reaction sequence ͑1͒ produces a rate-limiting bottleneck at some critical size, whose value depends in some way on the superequilibrium of precursor species relative to particle formation, and that this bottleneck would lead to a steady-state nucleation current, provided that there was an adequate supply of the ''growth species,'' for example, silane in reaction sequence ͑1͒.
Here we pursue this analogy by applying the mathematical formalism of homogeneous nucleation theory to reversible chemical clustering sequences such as reaction sequence ͑1͒. It seems possible that such scenarios are common, yet, unlike the case for homogeneous nucleation from a supersaturated vapor, to our knowledge there is no general theory available to predict the nucleation rate for such a system, other than the general framework of chemical kinetics, i.e., by means of a set of coupled rate equations.
A partial exception is the work of Katz and Donohue, 8 who extended the classical theory of homogeneous nucleation to analyze scenarios described by the overall reaction, A͑gas͒ϩB͑gas͒→C͑liquid or solid͒. ͑2͒
Katz and Donohue considered two mechanisms for cluster growth, which could operate simultaneously: ͑1͒ A and B molecules reacting in the gas phase to form gas-phase C molecules, which then supersaturate and condense; and ͑2͒ heterogeneous reaction of A and B molecules to form C molecules on the surface of already nucleated C particles. In either case a supersaturated vapor is required for nucleation to be initiated, and thus this differs from the situation we are considering. ͑Katz and Donohue commented that if the reaction is purely via the second route, then either A or B must supersaturate first to initiate the process.͒ Furthermore, we consider the concept of ''heterogeneous reactions'' meaningful only when clusters have grown large enough to be identifiable as a condensed phase-which is larger than the small sizes that typically govern nucleation dynamics. For these small sizes, cluster-molecule reactions are more appropriately treated with the same formalism as molecule-molecule reactions.
We limit our scope here to cases where cluster growth occurs by chemical reactions among multiple gas-phase species, none of which is supersaturated. It should also be pointed out that homogeneous nucleation of a substance from its supersaturated vapor may proceed via the formation of chemically bonded clusters, 9 rather than ͑as is usually assumed͒ being a purely physisorption process, but in that case only one substance is involved.
In this paper we derive an expression for the nucleation rate for systems in which clusters grow by a sequence of reversible bimolecular reactions of a form similar to reaction sequence ͑1͒. Bimolecular mechanisms of this form would arguably be the most prevalent within the class of problems under consideration.
II. DERIVATION OF NUCLEATION RATE
Inspecting the form of reaction sequence ͑1͒, one may consider SiH 3 Ϫ as the species that initiates nucleation, and SiH 4 as the ''growth species.'' Let us generalize the initiating species and the growth species, respectively, as AB m and AB n . The assumption that both the initiating species and the growth species contain one A atom is merely for simplicity of notation; this assumption can easily be relaxed and the results further generalized. Let the volatile reaction byproduct ͓H 2 in reaction sequence ͑1͔͒ be denoted as B p . This may be considered a ''suppressing species,'' in that its presence tends to drive growth reactions in the reverse direction.
The first step in cluster growth is the reaction
Subsequent steps in cluster growth are assumed to proceed via sequential reactions between the cluster and the growth species AB n . Each forward reaction adds one A atom to the cluster and releases B p as a byproduct, while the reverse reaction involves B p reacting with a cluster to produce AB n
Let the size of the cluster be characterized by the number i of A atoms. The overall reaction to form a cluster containing i A atoms ͑which we shall term an ''i-mer''͒ can be written as
We now follow a similar mathematical approach as introduced for homogeneous nucleation by Becker and Döring 10 and Volmer. 11 Let the forward rate constants ͑in population number density units͒ for reaction sequence ͑3͒ be denoted k i ͑for the reaction between AB n and an i-mer͒, and let the reverse rate constants be denoted k i Ј ͑for the reaction between B p and an i-mer͒.
As molecules of the growth species react with clusters via the sequence of reactions ͑3͒, a ''nucleation current'' can be said to pass through each cluster size. For clusters of size i this nucleation current J i is given by the net rate of i-mers created per unit volume per unit time by reaction ͑3d͒
where N is number density, with N i standing for the number density of an i-mer. Now, the forward and reverse rate constants for each reaction are not independent but are related through the equilibrium constant for that reaction. As these reactions are equimolar we can write
where K p,i is the pressure equilibrium constant for reaction ͑3d͒, given by
͑7͒
Here
Equations of the form of Eq. ͑5͒ can be written for each reaction in the sequence. Thus, using Eq. ͑6͒, we can write
As discussed in the previous section, a steady-state nucleation current is established by the existence of a ratelimiting bottleneck together with the availability of an ample supply of the growth species AB n . In many situations involving homogeneous nucleation the time to reach steady state is quite short ͑e.g., microseconds 12 ͒, but, in general, one would expect it to depend on factors such as the concentrations of the initiating and growth species and on the rate constants for the clustering sequence. Assuming that steady state is achieved, the nucleation current J then becomes independent of cluster size, and represents simply the nucleation rate, i.e. the rate of new particle formation per unit volume per unit time. Defining
and rearranging Eq. ͑8d͒, one can then write
Now divide each side of this equation by
Taking the sum of all such equations from iϭ2 to iϭMϩ1, where M is an arbitrarily large number, one obtains
Successive terms on the right-hand side cancel, leaving only the first and last terms
From Eq. ͑7͒ the product of the equilibrium constants can be expressed in terms of the stepwise free energy changes
͑13͒
where it can be seen that ⌬ f G i 0 represents the free energy of formation of an i-mer at unit pressure via the overall reaction given by Eq. ͑4͒, and K f ,i represents the corresponding equilibrium constant. Using these relations Eq. ͑12͒ can be rewritten as
The equilibrium constant in Eq. ͑14͒, which involves the concentrations of four species, can equivalently be viewed as involving a relationship between two species concentration ratios, that is
where the subscript ''eq'' denotes the relationship among these species concentrations for partial equilibrium of reaction ͑4͒ at temperature T. At equilibrium the value of ␣ must adjust to the value of N M ϩ1 /N 1 , according to the value of the equilibrium constant. Thus, letting ␣ eq denote the ratio N AB n /N B p required for equilibrium to exist with any given value ͑i.e., the actual value͒ of N M ϩ1 /N 1 , insertion of Eq. ͑15͒ into Eq. ͑14͒ yields
͑16͒
Solving for the nucleation rate, and noting that N 1 ϭN AB m , gives
.
͑17͒
From this result ␣Ͼ␣ eq is required for a positive nucleation rate to exist. If ␣Ͻ␣ eq , Eq. ͑17͒ yields a negative nucleation rate, which is physically meaningless-but in that case, of course, the assumption of a steady-state nucleation rate could not be valid. For ␣ϭ␣ eq , Eq. ͑17͒ predicts J ϭ0: the system is in equilibrium with respect to particle formation, and there is no driving force for nucleation. These results are qualitatively analogous to the role of vapor saturation ratio S in homogeneous nucleation theory. Finally, for ␣Ͼ␣ eq , corresponding to a supersaturated system, the term (␣ eq /␣) M can be nelected in comparison to unity, as M is an arbitrarily large number.
Finally, shifting indices in the summation in Eq. ͑17͒, we obtain Thus, for example, for the system described by reaction sequence ͑1͒, the nucleation rate is given by
III. DISCUSSION
It is of interest to compare Eq. ͑18͒ to the result for homogeneous nucleation of a supersaturated vapor, which can be written in analogous form as
͑20͒
Here P 1 is the partial pressure of the condensing vapor, P 0 is standard reference pressure, k i represents the forward rate constant for A i ϩA→A iϩ1 , and ⌬ f G i 0 represents the standard free energy for formation of an i-mer via the overall reaction iA→A i .
More conventionally, ⌬ f G i 0 is evaluated at equilibrium vapor pressure P s , in which case Eq. ͑20͒ can be rewritten as
where S is the vapor saturation ratio, defined as S ϭ P 1 / P s . In classical theory ⌬ f G i ( P s ) is evaluated using the capillarity approximation, i.e., based on the surface energy of an equivalent liquid droplet, using properties of the bulk liquid. Comparing Eqs. ͑18͒ and ͑21͒, it is evident that the result for chemical nucleation is analogous to the result for homogeneous nucleation, with two differences ͑aside from pressure terms͒. First, in chemical nucleation there is both an ''initiating species'' and a ''growth species,'' whereas for homogeneous nucleation the condensible vapor serves as both. Thus the nucleation rate in Eq. ͑18͒ scales on the product N AB m N AB n , whereas the homogeneous nucleation rate scales on the square of the monomer concentration. ͑Chemi-cal nucleation is similar in this respect to ion-induced nucleation, in which ions are the initiating species.͒ Second, a comparison of Eqs. ͑18͒ and ͑21͒ reinforces the point that ␣ϭN AB n /N B p plays a similar role in chemical nucleation as does the saturation ratio in homogeneous nucleation. For the example system of silicon hydride nucleation, Eq. ͑19͒ explicitly indicates the role of hydrogen in suppressing nucleation. More rigorously, the driving force for chemical nucleation is the departure from unity of the nonequilibrium factor ␣/␣ eq , which represents the system's supersaturation with respect to particle formation via a specified sequential mechanism.
It might be argued that Eq. ͑18͒ is of little practical utility, because of the paucity of data on cluster kinetics and thermodynamic properties. However, some data do exist. For example, with regard to reaction sequence ͑1͒, data have re-cently been reported on thermodynamic properties of silicon hydride clusters 14, 15 and related plasma chemistry, 16 and a quantitative evaluation of nucleation in that system will be reported by us in a subsequent publication.
It may further appear that Eq. ͑18͒ is not very useful, in that the upper limit of the summation is an ''arbitrarily large size.'' However, this is no different than the situation for homogeneous nucleation. For homogeneous nucleation the summation in most cases is dominated by a single term, associated with the critical cluster size, which for sufficiently large values of S ͑conditions that promote nucleation͒ is often a small number. This sharp convergence around the critical cluster size arises because of the exponentiation of the free energy term. Similarly, one expects the summation in Eq. ͑18͒ to be dominated by one or at most a few terms around the critical cluster size. The summand can be written as
͑22͒
Assuming that the forward rate constants k i are weak functions of cluster size, the summation is dominated by the term associated with the maximum value of a modified free energy ⌬G i * , given by
For sufficiently large values of ␣ this maximum occurs at iϭ1, for which ⌬G i *ϭ0 ͑i.e., all subsequent terms are negative͒. In that case all steps of the clustering sequence are effectively irreversible, and Eq. ͑18͒ reduces to
In this regime nucleation is rate limited only by the reaction between the initiating species AB m and the growth species AB n . For smaller values of ␣ ͑but still greater than ␣ eq ͒ the maximum value of ⌬G i * will occur for iϾ1. Identification of this maximum, if it occurs at a very small cluster size, requires detailed information on cluster free energies; whereas for sufficiently large clusters one expects surface contributions to free energy to become dominant, in which case ⌬ f G i 0 ϰi 2/3 , and the maximum of ⌬G i * can be evaluated analytically. In either case, a quantitative evaluation of the nucleation rate requires information on the free energy of the formation and forward rate constant at the critical size. It should be noted that the nucleation rate predicted by Eq. ͑18͒ should be essentially identical to that which would be obtained by solving the corresponding set of chemical rate equations. However-aside from its advantage in conciseness-the result presented here brings chemical nucleation into the same theoretical framework as homogeneous and ion-induced nucleation, where it would seem that it properly belongs. This approach may therefore prove fruitful both for facilitating quantitative predictions and for gaining new insights into the problem of particle nucleation from the gas phase.
IV. SUMMARY
In this paper an expression is derived for the rate of particle nucleation via a sequence of reversible chemical reactions. The cluster growth mechanism considered involves an initiating species, a growth species, and a suppressing species. Using the mathematical formalism of homogeneous nucleation theory, an expression for the steady-state nucleation rate is derived in the form of a summation over discrete cluster sizes. The resulting nucleation rate is linearly proportional to the product of the concentrations of the initiating species and the growth species, while the ratio of the concentrations of the growth species to the suppressing species, relative to a suitably defined equilibrium value, is seen to play a similar role as does the saturation ratio in homogeneous nucleation theory. While the theory presented here is derived in terms of a sequence of equimolar, bimolecular reactions, it is clear that the same approach could readily be extended to other types of reactions as long as a simple sequential mechanism dominates cluster growth.
